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Introduction
Due to attractive properties in strength, stiffness, and lightness, laminated composite beams become popular and have been used in differerent areas such as aerospace, mechanical and structural engineering, etc. Various beam theories have been developed for analysis of their structural behaviour.
A review of these theories can be found in recent work of Nguyen et al. [1] . As noted in their review, higher-order beam theories (HBTs) are considered to be one of the most popular ones since they predict more accurate than classical beam theory (CBT) and first-order beam theory (FBT) especially for thick beams. By using HBTs, there are many studies have been done to study static analysis of composite beams and only some of them ([2-10] ) are referenced here. It should be noted that in these above papers, only shear deformation effect is included, while normal deformation effect is ignored.
As discussed in Carrera et al. [11] , both effects become significant for thick beams. In order to include them, the axial and transverse displacements of beams are assumed to be higher-order variation through the depth. These types of theories are namely quasi-3D ones, which are developed by many authors for static analysis of composite beams. Carrera et al. [11] proposed a novel unified approach called Carrera Unified Formulation (CUF), which is hierarchical formulation and considers the order of model as a free parameter. The most novel features of this formulation is that various beam theories such as CBT, FBT, HBT and quasi-3D theory, can be obtained without ad hoc formulations. This formulation was applied successfully to bending problem of composite beams [12] [13] [14] [15] [16] . Zenkour [17] derived Navier solutions to investigate deflections and stresses of cross-ply composite beams. Subramanian [18] developed two-node C 1 beam elements with eight degrees of freedom (DOFs) per node to study flexural behaviour of simply-supported symmetrically-laminated composite beams. Kant et al.
[19] derived semi-analytical model for bending behaviour of cross-ply composite and sandwich beams based on solution of two-point boundary value problem governed by ordinary differential equations.
Pawar et al. [20] derived Navier solution for static analysis of cross-ply composite and sandwich beams.
Mantari and Canales ([21, 22] ) proposed a hybrid type quasi-3D HBT for the bending analysis of crossply composite beams. It should be noted that in above studies ([17] - [22] ), only bending behaviour of cross-ply or symmetric composite beams is considered. This problem for laminated composite beams with arbitrary lay-ups is not well-investigated and there is a need for further studies.
This work aims to study flexural analysis of composite beams with arbitrary lay-up and sandwich beams using a four-unknown shear and normal deformation theory. The axial and transverse displacements are assumed to be cubic and parabolic variation through the beam depth. As a results, three effects such as normal and shear deformation as well as anisotropy coupling are simultaneously taken into account. Two-node C 1 beam elements with six DOFs/node are developed to calculate displacements and stresses. Numerical results are compared with those predicted by other theories to investigate the effects of normal and shear deformation as well as anisotropy coupling on bending behaviour of composite and sandwich beams.
Theoretical formulation

Kinematics
A laminated composite beam, which is made of many plies of orthotropic materials in different orientations with respect to the x-axis, is considered (Fig. 1) . The axial and transverse displacement variations are assumed to be cubic and quadratic functions of the depth [23] [24] [25] [26] :
where u, w b , w s and w z are four mid-plane displacements of beam.
The non-zero strains are:
Variational Formulation
The variation of the strain energy can be stated as:
where N x , M b x , M s x , Q xz and R z are the stress resultants, defined as:
The variation of the potential energy under a transverse load q can be written as
By using the principle of total potential energy, the following weak statement is obtained:
Constitutive Equations
The constitutive equation is reduced from the 3D stress-strain relationship of a k th orthotropic lamina by setting the stresses σ y , σ yz and σ xy equal to zero:
where
where Q ij are the transformed reduced stiffness constants [27] .
If the shear strain γ xy is also ignored or for unidirectional and cross-ply lay-ups, Eqs. (8a)-(8c) become:
The stress resultants can be expressed in terms of displacements by substituting Eqs. (7) and (2) into Eq. (4):
Governing Equations
By integrating by parts and collecting the coefficients of δu, δw b , δw s and δw z , the governing equations can be obtained :
The natural boundary conditions are of the form:
By substituting Eq. (10) into Eq. (12), the governing equations can be expressed:
Finite Element Formulation
A two-node C 1 beam element with six DOFs/node is developed. Linear polynomial Ψ j is used for u and w z and Hermite-cubic polynomial ψ j is used for w b and w s . The displacements within an element are expressed as:
Substituting Eqs. (15) into Eq. (6), the finite element model of a typical element can be expressed as:
where [K] is the element stiffness matrix, given by:
and [F ] is the element force vector, given by:
Numerical Examples
In this section, a number of numerical examples are illustrated to verify the accuracy of the present study and investigate the displacements and stresses of composite beams with arbitrary lay-up and sandwich beams with various configurations. These beams with different lay-ups, boundary conditions (clamped-clamped, cantilever and simply-supported) and span-to-height ratios are considered. Five types of material set, which relate to each example, are given in Table 1 . For convenience, the vertical displacement and stresses of beams under the uniformly distributed load q are defined below as nondimensional terms:
Example 1 Tables 4 and 5 . Third-order beam theory (TBT) solutions from previous study [24] are also included to show the effect of normal deformation on beams' displacements. As the fibre angle increases, all maximum stresses and displacement increase (Figs. 2-6). It is interesting to observe that normal deformation effect depends not only on span-to-height ratio but also boundary conditions and lay-ups. For thick beam, it is more pronounced for clamped-clamped boundary conditions and unsymetric lay-up than others. It can be explained partly from anisotropic coupling terms X, Y and Y s in Eq. (10). These terms for unsymmetric lay-up are larger than those of symmetric one. As span-to-height ratio increases (Fig. 6 ), normal deformation effect becomes negligible, thus the results from TBT and quasi-3D theory are the same for both lay-ups, as expected. considered. The thickness of each face is 0.05h and of core is 0.8h. The results are compared with those using higher order zigzag theory [28] in Table 8 . It is observed that the solutions of the two approaches are in excellent agreement although there are small discrepancy in displacement for L/h=5.
The results for clamped-clamped and clamped-free are also presented in Table 9 . They have not been reported before and could be served as benchmark examples for future references. al. [29] . It should be noted that normal and shear deformation effects are included in these studies with different models. Again, excellent agreement with previous studies can be observed, especially with those from Pawar et al. [20] . As beam gets thinner, the present results agree well with those of Carrera et al. [29] for various boundary conditions.
Conclusions
A finite element model for flexural behaviour of laminated composite and sandwich beams using a quasi-3D theory is presented. Composite and sandwich beams with various configurations including boundary conditions, span-to-height ratio and lay-ups are considered. Numerical results are compared with those predicted by other theories to show the validity of present model. Normal deformation effect depends not only on span-to-height ratio but also boundary conditions and lay-ups. For thick beam, it is more pronounced for clamped-clamped boundary conditions and unsymetric lay-up than others.
Effects of normal and shear deformation as well as anisotropy coupling should be simultaneously considered to predict accurately displacements and stresses of composite and sandwich beams under vertical loads. [ 
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